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The memory effect upon glassification is studied in the glass to rubber transition of vulcanized
rubber with the strain as a controlling parameter. A phenomenological model is proposed taking
the history of the temperature and the strain into account, by which the experimental results are
interpreted. The data and the model demonstrate that the glassy state memorizes the time-course
of strain upon glassification, not as a single parameter but as the history itself. The data also show
that the effect of irreversible deformation in the glassy state is beyond the scope of the present
model.
Authors’ remark: The title of the paper in the accepted version is above. The title appeared in PRL
is the one changed by a Senior Assistant Editor after acceptance of the paper. The recovery of the
title was rejected in the correction process.
There are a group of phenomena where the exchange
of the relative magnitude of the system’s relaxation time
and the timescale of observation plays an important role.
They are the subject of active interest of both non-
equilibrium statistical physics and material sciences [1,2].
Examples are the glass transition, fluidization, plasticiza-
tion, etc., for which the relaxation time depends on the
temperature, the concentration of solute or plasticizer,
the applied force and so on [3–6]. This paper addresses
a general problem for such phenomena: In what manner
and to what extent memories can be stored upon freez-
ing as its internal frozen state, and also can be read out
upon defreezing?
In order to study the memory effects in the frozen
state, it is versatile to introduce an experimentally con-
trollable parameter other than the temperature to control
the relaxation time of the system. In the present paper,
the following methods are adopted for this purpose: (1)
We establish the experimental method to measure the
glass to rubber transition of rubber under strain. We pre-
pare samples in glassy states by three different protocols,
and study the glass to rubber transition of those samples
using two different modes of measurement. (2) Also we
propose a phenomenological model equation as a natural
extension of the linear viscoelastic model. We show both
experimentally and theoretically that the time-course of
the strain itself is memorized as a history in the glassy
state. (3) We show the limitation of the present model
to cover the irreversible properties in the glassy state.
The material studied here is made of synthetic cis-1,4
polyisoprene kindly supplied by Toyo Tire & Rubber Co.,
Ltd. The number of monomer units between crosslinks is
estimated to be 190 from the Mooney-Rivlin elastic co-
efficient, and 200 from the equilibrium swelling ratio by
the use of toluene as a solvent where the polymer-solvent
interaction parameter of 0.34 is employed [8,9]. The
samples, typically 20mm×2mm×0.5mm in their original
size, are placed in a temperature controlled (less than
±1◦C above −90◦C) ethanol bath, except for the case of
stretching at room temperature, where it is done in the
air. The length of sample ℓ is monitored by a displace-
ment sensor controlled by a motor and the tension f is
measured by a force gauge. The nominal stress is given
by f
d0w0
and the strain, in terms of the elongation ratio
λ = ℓ
ℓ0
= 1 + γ, where ℓ0, d0 and w0 are the original
length, thickness and width, respectively. No correction
is made for the thermal expansion of the rubber.
Three protocols to prepare the stretched glassy states
are the following. (HT) The samples are stretched
at room temperature (the rubber region) followed by
quenching to −55◦C and cooled to −100◦C at ca.
3K/min. (GT) The samples are quenched to −61± 1◦C
(the glass transition region), stretched at a strain rate, γ˙,
of 0.045 s−1 and kept at a prescribed length for a given
time, and then cooled to −100◦C. (LT) The samples are
quenched to −76 or −90 ± 1◦C (the glassy state), then
stretched and cooled to −100◦C. In the last protocol a
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neck is formed and propagated on stretching at a draw
speed of 0.18 mm/s.
Two modes of measurement of the glass to rubber tran-
sition are employed: Stress-free mode – After releasing
the stress of stretched glasses at −100◦C, the length of
the sample is measured on heating at 1K/min under the
stress-free condition. Isometric mode – At −100◦C, the
stress is released (except for one case, see below), and
then the length of the sample is fixed (Upon release of
the stress, the elongation ratio changes typically from
4.03 to 3.995). After that the tension is measured on
heating at 1K/min with the length being kept fixed.
Figure 1 shows the stress recovery upon the glass to
rubber transition in the isometric mode of the sample
prepared by the protocol-HT. No stress emerges in the
glassy state and the stress recovers the rubbery values
corresponding to a given strain at the glass-rubber tran-
sition. The glass transition temperature Tg is determined
as the center temperature of the stress recovery process;
Tg decreases with the elongation ratio (see also Fig.4 be-
low). In the rubber region, the tension is approximately
proportional to the absolute temperature, and the de-
crease in tension arising from crystallization, which is
observed only for λ = 5 above −35◦C, is outside of the
range of the data shown.
Figure 2 shows the variation in elongation ratio of
the sample with temperature under the stress-free mode.
The samples are graduated in ink in 0.5mm intervals at
room temperature, and we monitor the change in the
length by a video recorder. In the glassy state, the sam-
ples maintain their length, and start shrinking at the
glass-rubber transition down to the original length. The
shrinkage of the graduation on rubber is macroscopically
homogeneous in both protocols-HT and -LT. The bend-
ing and coiling on contraction can be avoided by placing
the sample in transparent plastic tubes with holes. For
the samples prepared by the protocol-HT (λHT), the tem-
perature to start shrinking is about −60◦C and decreases
slightly with elongation. The neck part of the samples
prepared by the protocol-LT has similar elongation ratio,
λLT ∼ 4, and this part shrinks macroscopically homoge-
neously. The shrinking starts, however, at lower temper-
atures than the samples prepared in the protocol-HT by
about 5◦C.
The data by the isometric-mode and stress-free modes
(Figs.1 and 2) show the similar effects of elongation on
the glass to rubber transition for the samples prepared
by the protocol-HT, but the glass to rubber transition
is observed at lower temperatures in Fig.1 than Fig.2
by several degrees. The difference can be ascribed to
the method of measurement: the characteristic times ob-
served by the strain and by the stress measurements differ
by the ratio of the relaxed modulus to the unrelaxed one
[10].
The inset of Fig.3 shows the aging of stress at −61◦C
in the protocol-GT, just after the stretching process. Af-
ter four different aging times indicated by the arrows, the
sample is cooled down to −100◦C. The results of stress
recovery on heating in the isometric mode are shown in
the main part of Fig.3, together with a result for a sam-
ple prepared by the protocol-LT. For comparison we also
show a datum (•, denoted by GT-C) of the sample whose
history is the same as the one denoted by GT:0 min(◦),
except that the stress was not released at −100◦C. In the
last sample, the tension decreases slowly with tempera-
ture below −65◦C because, at least partly, of the thermal
expansion of the sample. In the remaining samples, on
the other hand, the tension shows a prominent maximum
where the temperature is nearly the Tg of the sample of
the protocol-HT with λHT = 4. The effect of aging is
evident: the temperature at which the tension departs
from zero increases as a function of the aging time. The
sample prepared by the protocol-LT shows a still more
pronounced memory effect.
The dependence of Tg on elongation ratio is shown in
Fig.4. For the samples prepared by the protocol-HT, Tg
decreases with strain and stress. On the other hand,
the samples prepared by the protocol-GT, whose Tg is
defined here as the peak temperature in Fig.3, show var-
ious values of Tg in spite of nearly the same elongation
ratios.
We propose the following phenomenological model
equation for the stress σ(t) at the time t as a functional
of the strain γ(t′) and the temperature T (t′).
σ(t)=σR(T (t),γ(t))+G∞
∫ t
−∞
[γ(t)−γ(t′)]
∂G
(
t˜(t, t′)
)
∂t′
dt′, (1)
where σR represents a rubber-like response, G∞ is the
modulus of the glass well below Tg. In our experiment
the Young’s modulus of the stretched glass at −100◦C
is about 2 × 109 Pa assuming 0.5 for the Poisson’s ra-
tio, while the rubber-like Young’s modulus at room tem-
perature is 8.6 × 105 Pa. t˜(t, t′) is defined by t˜(t, t′) ≡∫ t
t′
[τ(T (u), γ(u))]−1du, giving the intrinsic time lapse be-
tween t′ and t(> t′), which is measured with the instan-
taneous relaxation time τ(T, γ) as a function of T and
γ. G(z) is the scaled relaxation function which decreases
from G(0) = 1 to G(∞) = 0. Upon integration by parts,
Eq.(1) reduces to the form similar to the familiar linear
viscoelasticity equation [7],
∫ t
−∞
G
(
t˜(t, t′)
)
γ˙(t′)dt′, but
the original form Eq.(1) is physically more inspiring for
the present purpose: The second term on the right hand
side of Eq.(1) reads that, the fraction ∂
∂t′
G
(
t˜(t, t′)
)
dt′ of
the mechanical elements has become effective since the
time slice [t′, t′ + dt′], and each engaged element con-
tributes to the stress by G∞[γ(t)−γ(t
′)] at t. In the spe-
cial case of G(z) = e−z, Eq.(1) reduces to the Maxwell-
type model, ( ddt +
1
τ(γ,T ))[σ − σR] = G∞
dγ
dt , which has
been proposed independently of us in [4] to study the
aging, where the temperature dependence of τ was not
scrutinized.
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Below, the results of our experiment are explained
qualitatively on the basis of Eq.(1), except for the
protocol-LT. We assume that for T > Tg(γ) the relax-
ation time τ(T, γ) is of the microscopic order while for
T < Tg(γ) it is beyond the experimental timescale. If we
stretch the rubber at T > Tg(γ), the integral of Eq.(1)
is ∼ γ˙τ ≪ 1, and the stress is rubber-like: σ ≃ σR. If
the temperature is decreased rapidly across Tg(γ) within
a short time, G
(
t˜(t, t′)
)
increases suddenly from ≃ 0 to
≃ 1, because t˜(t, t′) decreases abruptly. Thus the integral
in Eq.(1) will yield ≃ γ(t) − γ(t0), where t0 is the time
at which T reaches well below Tg(γ), say, T = −100
◦C.
As long as the sample is in the glassy state, t˜ does not
increase, and the system behaves as a solid elastic body.
At this stage, the stress is released (except for the pro-
tocol GT-C mentioned above), say at t1(> t0). Thus
γ1 ≡ γ(t1) satisfies
0 =σR(T,γ1)+G∞
∫ t0
−∞
[γ1−γ(t
′)]
∂
∂t′
G(t˜(t0, t
′))dt′. (2)
As long as the temperature is well below Tg(γ(t0)),
t˜(t, t′) = t˜(t0, t
′) holds in the integral of Eq.(1), thus
t1 does not appear in this expression. If we fix γ(t)
at γ1 upon reheating (isometric mode), σ(t) of Eq.(1)
departs from zero when T (t) approaches Tg from be-
low: t˜(t, t′) abruptly increases and the integral tends to-
wards 0 rapidly, leaving only the rubber-like elasticity
for σ(t) (Fig.1). On the other hand, the reheating un-
der the stress-free mode leads to a funny phenomenon:
In response to the decrease of the integral in Eq.(1), the
rubber-like tension σR tends to shrink the sample. How-
ever, the decrease of γ(t) is decelerated when the point
T (t) = Tg(γ(t)) is approached. As the result, the strain
γ(t) nearly traces the part of the curve of T = Tg(γ), as
the temperature is gradually raised (Fig.2). Note that
the situation would be completely different for the sys-
tems with dTg/dγ > 0.
For the sample prepared by the protocol-GT, the in-
tegrand [γ1 − γ(t
′)] ∂
∂t′
G in Eq.(2) is non-negligible for
a substantial range of t′ up to t0, since τ is compara-
ble to the experimental timescale in this case. When
we start reheating, say after t = t2, we have t˜(t, t
′) =
t˜(t0, t
′) + t˜(t, t2). Since t˜(t, t2) is independent of t
′, this
process leads to a common “shift” of the function G by
α, G(z) 7→ G(z + α), in the integral of Eq.(1), with
α = t˜(t, t2). Except for the special case of G(z+α) ∝ G(z)
for all z (i.e. G = e−z), the equality (2) will be bro-
ken under the above shift of G at t > t2, implying
that the nonzero stress reappears upon reheating under
the isometric mode (Fig.3). This is the origin of the
memory effect. A numerical check has been done with
G(z) = θe
−
z
z1 + (1 − θ)e
−
z
z2 and τ(T, γ2) at the glass
to rubber transition region being a constant independent
of T (t). The result (not shown) of σ as the function of
the shift α ≡ t˜(t, t2) reproduces the memory effect. Its
peak amplitude decreases with the duration of the aging,
while the peak position is found at virtually the same
value for various values of α. More extensive results will
be discussed elsewhere.
A critically important remark is that, in the memory
effect, the stress σ(t) depends on the history of γ(t′) and
T (t′) before t0 not through a single “order parameter”.
It is true even if τ was constant at around Tg: we may
regard the integral of Eq.(1) as the linear transformation
with the “matrix”M whose (z, α) component is G(z+α)
with z ≥ 0 and α ≥ 0. The transformation can then pre-
serve certain amount of information of the “vector” γ(t′)
with t′ ≤ t0 according to the rank of the matrixM, i.e.,
the number of independent “columns” of the matrixM.
If, for example, G(z) consists of N exponentially decay-
ing functions, the rank is N . Thus, it is the time course
of the control parameters that is memorized and remem-
bered upon the glass transition. The relation between
the aging and the memory effect should be discussed in
future in this context.
In summary, the glass-rubber transition was studied
for the stretched glasses with the strain as a controlling
parameter. The results including the memory effect are
interpreted by a phenomenological formula. The form of
Eq.(1) is very general, and it may also apply, for exam-
ple, to dipole glasses where the relaxation may obey the
similar relaxational law. The present framework, how-
ever, cannot capture the prominent memory effect of the
sample stretched in the glassy state (protocol-LT), whose
aspect will be addressed elsewhere.
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FIG. 1. Stress recovery on heating at 1K/min under
the fixed-length condition (isometric mode) for the rubbers
stretched at room temperature (protocol-HT). The elonga-
tion ratios at room temperature are 2.04, 3.04, 4.03 and 5.07
from the left to the right.
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FIG. 2. Contraction of glassified rubber on heating at
1K/min under the unloaded condition (stress-free mode). ✷,
△ and ◦, the samples stretched at room temperature (proto-
col-HT). •, stretched at −76◦C and ▽, −90◦C (protocol-LT).
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FIG. 3. Stress recovery on heating in the isometric mode.
The elongation ratio is about 4. The samples are stretched at
−61◦C and the stress is relaxed for: ◦, 10 s, △, 0.5 min,
✷, 5 min, ▽, 90 min (protocol-GT) and •, 10 s (GT-C:
protocol-GT and isometric mode without releasing stress at
−100◦C). ×, The sample stretched at −76◦C (protocol-LT).
Note the difference of the scale from Fig.1. Inset: The ag-
ing of the stress at T = −61◦C after keeping at λ = 4.
∆σ(t) = σ(t)−σ(∞), where σ(∞) is determined by the value
at −61◦C for λ = 4 in Fig.1.
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FIG. 4. Dependence of Tg on elongation ratio (isometric
mode): ◦, protocol-HT, △, protocol-GT and ✷, protocol-LT.
The values of Tg prepared in protocol-GT decrease as function
of the stress measured at −100◦C (not shown).
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